Let S be any set of natural numbers, and A be a given set of rational numbers. We say that
Introduction
Suppose that M is a set of positive integers. A set S of positive integers is called an M-set if no two elements of S differ by an element of M. Motzkin (see [1] ) asked how dense an M-set can be. Let δ(S) be the upper density of S. Let µ(M) be the supremum of δ(S) taken over all M-sets S.
Cantor and Gordon [1] determined µ(M) for |M| ≤ 2. Haralambis [3] determined µ(M) for M = {1, j, k} and M = {1, 2, j, k}. Tripathi and Gupta [4] and Gupta [2] determined values of µ(M) in many other cases with |M| = 3, 4, and determined values of µ(M) with M being a finite arithmetic progression.
Now we consider the following question: Suppose that A is a set of rational numbers. How dense a set S of positive integers can be if no element of A is the quotient of two elements of S?
A set S of positive integers is called an A-quotient-free set if x, y ∈ S implies y x ∈ A. We define
where the supremum is taken over all A-quotient-free sets S, δ(S) and δ(S) are the upper and lower asymptotic densities of S respectively. If δ(S) = δ(S), then we say that S has the asymptotic density δ(S)(= δ(S) = δ(S)) and denote
where the supremum is taken over all A-quotient-free sets S for which δ(S) exists. It is clear that ρ(A) exists for any given subset A of rational numbers, and we easily see that ρ(A) ≥ ρ(A) ≥ ρ(A).
In this paper, we always assume that A is a subset of natural numbers. The following results are proved.
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Theorem 1. (i)
Theorem 2. Let A = {a 1 , a 2 , . . . , a r } with 1 < a 1 < a 2 < · · · < a r such that the a i are pairwise coprime, and let M = M(a 1 , . . . , a r ) = {m 1 < m 2 < · · ·} be the set of integers of the form a 
Corollary 2. Let A and M be as in Theorem 2,
In particular
We pose the following questions and conjecture.
Question 2.
Are there any sets A such that ρ(A) = ρ(A) = ρ(A)?
Proofs of Theorems
For a subset A of natural numbers, and a positive integer n, let nA = {na : a ∈ A}. For two real numbers x and y, let (x, y] = {i :
For a subset S of natural numbers, and a positive number x,
Proof of Theorem 1. (i) Let
Then S is an A-quotient-free set and
This completes the proof of Theorem 1(i).
(ii) Let S be any A-quotient-free set. For any x > a, let
For any u ∈ S n there exists an integer t u with 0
For any x, the number of n with a (k+1)l n ≤ x and a n is (1
Recall that Let a 1 , a 2 ∈ N(a 1 , . . . , a r ) , then n = n and m/m ∈ {a 1 , a 2 , . . . , a r }.
The proof of Lemma 1 is left to readers.
Proof of Theorem 2. Let N(a 1 , . . . , a r ) be as in Lemma 1. For a positive number X and 1 ≤ n ≤ X with n ∈ N(a 1 , . . . , a r ),
Clearly, {m i k n : k = 1, 2, . . . , w} ⊆ R X (n) is an A-quotient-free set if and only if {m i k : k = 1, 2, . . . , w} ⊆ R X n (1) is an A-quotient-free set. Let S be an A-quotient-free set. Then by the definition of f (t) we have |S ∩ R X (n)| ≤ f (|R X (n)|).
Let g X (t) be the number of n ∈ [1, X ] with n ∈ N(a 1 , . . . , a r ) and |R X (n)| = t. For u ∈ S with 1 ≤ u ≤ X , by Lemma 1 there exists m k ∈ M(a 1 , . . . , a r ) and n ∈ N(a 1 , . . . , a r ) with u = m k n. It is clear that
If t is fixed, then |R X (n)| = t if and only if
where |α(n, t)| ≤ 2 r . Since
By Lemma 1, each S T (k) is an A-quotient-free set. Since
, by Lemma 1 we know that S T is an A-quotient-free set. By the definition of S T , Lemma 1 and (1) we have
Again, by (1) we have
This completes the proof of Theorem 2.
Proof of Corollary 1.
Now Corollary 1 follows from Theorem 2. A j (a 1 , . . . , a r , t) is an A-quotient-free set, we have
Proof of Corollary 2. Since each
Now Corollary 2 follows from Theorem 2.
Proof of Theorem 3. Let A = {2, a}, where a = 2 2k+1 − 1 and k is an integer with k ≥ 2. We assume that ρ(A) = ρ(A) = ρ.
For any x > ax 0 , let
Then u i > ρ − 5ε, i = 1, 2, 3. Since u/v ∈ {2, a} for any u, v ∈ S 0 , we have
.
Since ε > 0 can be arbitrarily small, we have
On the other hand, let A i (t) (i = 0, 1) be as in Corollary 2. Since 
By (2) we have
That is, This completes the proof of Theorem 4.
